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Electromagnetic field of a fast electric charge in nuclear matter with spatially uniform but
random topological charge density is derived. A useful approximation is developed for the
relativistic heavy-ion collisions.
I. INTRODUCTION
Electromagnetic field of a fast charge moving through the topologically nontrivial matter is of
interest in many physics fields. A solution to this problem was found when the topological charge
density is nearly stationary and homogenous and the electromagnetic response is dominated by low
frequencies [1, 2], which is believed to be relevant to the phenomenology of the relativistic heavy-
ion collisions as long as the considered time intervals as shorter than the sphaleron transition time
τc. It was shown in [1, 2] that the finite topological charge can have a profound effect on the
electromagnetic field. The main goal of this paper is to compute the electromagnetic field in the
opposite limit viz. at time intervals much longer than τc by treating the topological charge density
as a spatially uniform stochastic process. This approach is developed in my recent paper [3] where
it is applied to investigate the late-time behavior of the chiral instability.
The presentation is structured as follows. In Sec. II the Maxwell-Chern-Simons (MCS) equations
are expanded in the helicity basis which is particularly convenient for discussing the topological
effects. In particular, the effect of the time-dependence of the topological charge can be computed
by solving an ordinary differential equation (11a). The kinematics of the relativistic heavy-ion
collisions allows for a few very accurate approximations of MCS equations, which is reviewed in
Sec. III. The electromagnetic field at early times t τc is discussed in Sec. IV were the results of
[1] are reproduced in the helicity basis. The solution to MCS equations at later times is derived
in Sec. V by ensemble averaging equation (11a). The main result is displayed in (35) and Fig. 1.
Summary is presented in Sec. VI.
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2II. ELECTROMAGNETIC FIELD IN THE HELICITY BASIS
Electrodynamics in the topological matter is described using the Maxwell-Chern-Simons theory
which adds to the Maxwell Lagrangian a term that couples FF˜ directly to the topological charge
density[4–6]. The field equations for a point charge q moving in the positive z direction with
constant velocity v read
∇×B = ∂tD + σχB + j , (1a)
∇ ·D = ρ , (1b)
∇×E = −∂tB , (1c)
∇ ·B = 0 , (1d)
where the external current is jµ = (ρ, j) = q(1, vzˆ)δ(z − vt)δ(b), z and b are the longitudinal and
transverse components of the position vector. The displacement is given by
D(r, t) =
∫ ∞
0
ε(t′)E(r, t− t′)dt′ . (2)
The spectral representation of permittivity is assumed to be εω = 1 + iσ/ω, where σ is electrical
conductivity. The chiral conductivity σχ(t) is proportional to the time-derivative of the topological
charge density of matter. It is modeled as stationary σχ(0) at t  τc, whereas at t  τc as a
stochastic process with vanishing expectation value 〈σχ(t)〉 = 0 and the dispersion Σχ =
√〈
σ2χ
〉
=
σχ(0).
Due to the presence of the anomalous current σχB in (1a), it is natural to seek a solution of
Eqs. (1) as a superposition of the helicity states, which are the eigenstates of the curl operator in
the Cartesian coordinates,
B(r, t) =
∑
λ
∫
d3k
(2pi)3
eik·rλkΦλk(t) , (3a)
E(r, t) =
∑
λ
∫
d3k
(2pi)3
eik·rλkΨλk(t) +
∫
d3k
(2pi)3
eik·rkˆΨ′λk(t) , (3b)
where λ = ±1 is helicity and λk are the circular polarization vectors satisfying the orthonormality
conditions λk · ∗µk = δλµ, λk · k = 0 and the identity
ikˆ × λk = λλk . (4)
We also expand the external current in this basis
j(r, t) =
∑
λ
∫
d3k
(2pi)3
eik·rλkJλk(t) +
∫
d3k
(2pi)3
eik·rkˆJ ′λk(t) , (5)
3where
Jλk = qv
∗
λk · zˆe−ikzvt , J ′λk = qv
kz
k
e−ikzvt , (6)
which can be verified using the equations derived in Appendix.
Plugging (3b) and (2) into (1b) yields the equation:∫ ∞
0
dt′ε(t′)ikΨ′λk(t− t′) = qe−ikzvt . (7)
Fourier-transforming (7) with respect to time one obtains
ikΨ′λk(t) =
∫ ∞
−∞
dωe−iωt
q
εω
δ(ω − kzv) = q
εkzv
e−ikzvt . (8)
Substituting (8) into (3b), gives the noise-free longitudinal component of the electric field.
Turning to the transverse components of the field, write (1a) and (1c) in momentum space
ik × λkΦλk = λkΨ˙λk + kˆΨ˙′λk + σλkΨλk + σkˆΨ′λk + σχλkΦλk + λkJλk + kˆJ ′λk , (9a)
ik × λkΨλk = −λkΦ˙λk . (9b)
Using (4) in (9b) yields
kΨλk = −λΦ˙λk , (10)
while (9a) reduces to the following two equations
λΦ¨λk + λσΦ˙λk + (λk
2 − σχk)Φλk = kJλk , (11a)
Ψ˙′λk + σΨ
′
λk = −J ′λk . (11b)
Eq. (11b) is the momentum space representation of the continuity equation ∇ · j = −ρ˙ = −∇ · D˙,
while (11a) determines the magnetic field. Solution to (11a) depends on the functional form of
σχ(t).
III. ANOMALY-FREE SOLUTION AND THE HEAVY-ION COLLISION KINEMATICS
Analytical solutions of (11a) are derived in Sec. IV and Sec. V in the form of the three-
dimensional Fourier integrals for constant and stochastic chiral conductivity respectively. These
integrals cannot be taken exactly, but can be approximated in appropriate kinematics. This paper
specifically focuses on the kinematics of the heavy-ion collisions.
4For the maximum clarity, it is instructive to discuss the heavy-ion collision kinematics using the
anomaly-free solution, i.e. the case σχ = 0. The solution in this case can be easily obtained from
(11a) and is well-known:
Bφ(r, t) =
∫
d3k
(2pi)3
eikz(z−vt)eik⊥·b
(−ik · bˆ)qv
k2z/γ
2 + k2⊥ − iσkzv
, (12)
where γ = (1− v2)−1/2. Integration over kz picks up one of the two poles depending on the sign of
the variable ζ = vt− z:
k±z0 =
iσvγ2
2
(
1±√1 + Y
)
, (13)
where a shorthand notation is used:
Y =
4k2⊥
v2σ2γ2
. (14)
In the limit Y  1 the poles (13) become k±z0 = ±iγk⊥ and integration in (12) yields
Bφ(r, t) =
qvγ
4pi
b
(b2 + γ2ζ2)3/2
, (15)
which is the magnetic component of the Coulomb field of a moving charge in free space. In the
opposite limit Y  1, k−z0 = −ik2⊥/vσ and k+z0 = iσvγ2. The corresponding magnetic field is
Bφ(r, t) =
qσb
8piζ2
exp
{
−b
2σ
4ζ
}
θ(ζ) . (16)
The contribution at ζ < 0 is proportional to exp(−σvγ2|ζ|). It can be neglected because in
relativistic heavy-ion collisions, the valence charges move with ultrarelativistic velocities (i) γ  1.
The second condition stems from the fact that the plasma is a poor electrical conductor in the
sense that bσ  1. Indeed, plasma conductivity at the critical temperature is σ = (34 fm)−1 [7–9]
and b = 1 − 10 fm. Since the fields depend on the transverse direction through the phase factor
eib·k⊥ , the typical transverse momentum is k⊥ ∼ 1/b implying the second condition (ii) k⊥  σ.
It is seen from (13) that these two conditions imply that kz  k⊥, hence k ≈ kz. The numerical
calculation shown in Fig. 1 is done in this approximation.
One can develop a simple, but remarkably accurate, analytical approximation using the fact
that the time-dependence of the field is given by e−ikzζ . This implies that at late times ζ  1/σγ
the longitudinal component of the field spectrum is bounded by (iii) kz  σγ. In this case
k⊥  kz  γσ which corresponds to bσγ  1 or Y  1. This condition holds well for γ ∼ 100 and
above. Moreover, 1/σγ is smaller than the Compton wavelength of the color charges making up
the plasma immediately upon the collision, thus effectively allowing us to regard 1/σγ as zero (i.e.
5the collision instant). The solution in this case is given by (16). This is the phenomenologically
relevant case.
At not very high energies and/or small enough b the opposite limit bσγ  1 or Y  1 occurs.
In this case there is an interval of momenta γ2σ  kz  k2⊥/σ corresponding to the times σb2 
ζ  1/γ2σ when the effect of the conductivity is negligible and one recovers (15).
In summary, the kinematics of a typical relativistic heavy-ion collision with γ > 100 is such
that the field components satisfy σ  k⊥  kz  σγ. The same conclusion holds for anomalous
plasma provided that σχ and Σχ are not much larger than σ. For numerical calculation in Sec. V
only ω ≈ k ≈ kz approximation is used.
IV. ELECTROMAGNETIC FIELD AT EARLY TIMES
At t τc, the time-evolution of the chiral conductivity can be neglected. The time-dependence
of the magnetic field follows from (6) and is given by Φλk ∼ e−ikzvt. Thus, (11a) and (10) yield
Φλk =
qvzˆ · ∗λkλke−ikzvt
k2 − λσχk − (kzv)2 − iσkzv , (17a)
Ψλk =
iqkzv
2zˆ · ∗λke−ikzvt
k2 − λσχk − (kzv)2 − iσkzv . (17b)
Substituting these equations along with (8) into (3a) and (3b) on derives [1]:
B(r, t) =
∫
d3k
(2pi)3
qvkeikz(z−vt)eik⊥·b
[k2 − (kzv)2 − iσkzv]2 − (σχk)2
×
{[
k2 − (kzv)2 − iσkzv
]∑
λ
λλk(zˆ · ∗λk) + σχk
∑
λ
λk(zˆ · ∗λk)
}
. (18)
The explicit expressions for the polarization sums can be found in Appendix. In particular, the
azimuthal component reads, upon using (A18) and (A20) and integrating over the angle between
k and b:
Bφ(r, t) =
∫
dk⊥k⊥
(2pi)2
∫ ∞
−∞
dkz
qvk⊥eikz(z−vt)J1(k⊥b)
[k2 − (kzv)2 − iσkzv]2 − (σχk)2
[
k2 − (kzv)2 − iσkzv
]
. (19)
Thus far the calculation has been completely general. Now, employing the approximation k ≈ kz
the k⊥-integral can be done by writing in (19)
k2 − (kzv)2 − iσkzv
[k2 − (kzv)2 − iσkzv]2 − (σχkz)2
=
1
2
∑
λ=±1
1
k2⊥ + k2z/γ2 − iσkzv + λσχkz
. (20)
6The result is
Bφ(r, t) =
qv
8pi2
∫ +∞
−∞
dkze
ikz(z−vt)
×
∑
λ=±1
√
k2z/γ
2 − iσkzv + λσχkzK1
(
b
√
k2z/γ
2 − iσkzv + λσχkz
)
. (21)
This equation is plotted in Fig. 1 for t < τc. The other components of the magnetic and electric
field can be computed in a similar way [1, 2].
Employing a stronger approximation σ  k⊥  kz  σγ and integrating in (19) first over kz
and then over k⊥ obtains a simple formula [1, 2]
Bφ(r, t) ≈
∫
dk⊥k⊥
(2pi)2
∫ +∞
−∞
dkz
qvk⊥eikz(z−vt)J1(k⊥b)[
k2⊥ − iσkzv
]2 − (σχk)2
[
k2⊥ − iσkzv
]
=
qb
8piζ2
exp
(
−b
2σ
4ζ
)[
σ cos
(
b2σχ
4ζ
)
+ σχ sin
(
b2σχ
4ζ
)]
, (22)
Eq. (22) is a very good approximation of (21) in the relativistic heavy-ion collision kinematics.
V. ELECTROMAGNETIC FIELD AT LATER TIMES
To study the late time t  τc behavior of the electromagnetic field, one can regard the chiral
conductivity σχ(t) as a random process and hence (11a) becomes a stochastic equation describ-
ing time-evolution of the field amplitude with momentum k and polarization λ. Introducing an
auxiliary variable x = Φλke
σt/2 one can cast (11a) in the form
x¨(t) + ω2[1 + αξ(t)]x(t) = λkJλk(t)e
σt/2 , (23)
where
ω2 = k2 − σ
2
4
, α = −λk
ω2
Σχ , ξ(t) =
σχ
Σχ
. (24)
Eq. (23) describes the one-dimensional harmonic oscillator with random frequency. It does not have
an analytical solution. However, one can deduce from it a set of ordinary differential equations for
the expectation value of the amplitude moments [10]. In particular, assuming α 1, the average
value of x satisfies the equation
∂2t 〈x(t)〉+
1
2
c2α
2ω∂t 〈x(t)〉+
(
1− 1
2
α2c1
)
ω2 〈x(t)〉 = λkJλk(t)eσt/2(1 + α2c0) . (25)
7where
c0(ω) =
∫ ∞
0
K(τ) sin(ωτ)[1− cos(ωτ)]d(ωτ) , (26a)
c1(ω) =
∫ ∞
0
K(τ) sin(2ωτ)d(ωτ) , (26b)
c2(ω) =
∫ ∞
0
K(τ)[1− cos(2ωτ)]d(ωτ) . (26c)
with the autocorrelation function K(τ) = 〈ξ(t)ξ(t− τ)〉. Eq. (25) can be converted into the equa-
tions for the average of the amplitude Φλk:
∂2t 〈Φλk〉+
(
σ +
α2
2
c2ω
)
∂t 〈Φλk〉+
(
ω2 +
σ2
4
− α
2
2
c1ω
2 +
α2
4
c2σω
)
〈Φλk〉
= λkJλk(t)(1 + α
2c0) . (27)
The terms proportional to α2 represent contributions of the fluctuating chiral conductivity. Solution
to (27) is
〈Φλk(t)〉 = qvzˆ · 
∗
λkλk(1 + α
2c0)e
−ikzvt
k2 − (kzv)2 − iσkzv + α2Q(ω) . (28)
were a shorthand notation is used
Q(ω) =
1
4
(
c2σω − 2ic2kzvω − 2c1ω2
)
. (29)
Substituting (28) into (3a) yields the magnetic field:
〈B(r, t)〉 =
∑
λ
∫
d3k
(2pi)3
eikz(z−vt)eik⊥·b
qvλk(zˆ · ∗λk)λk(1 + α2c0)
k2 − (kzv)2 − iσkzv + α2Q(ω) , (30)
The z-component of the magnetic field vanishes due to (A11). Its b component vanishes when (A21)
is substituted into (30) and integrated over the azimuthal angle ψ. Using (A20) the azimuthal
component of the magnetic field is
〈Bφ(r, t)〉 =
∫
d3k
(2pi)3
eikz(z−vt)eik⊥·b
(−ik · bˆ)qv(1 + α2c0)
k2 − (kzv)2 − iσkzv + α2Q(ω) . (31)
The electric field is obtained using (3b), (8) and (28):
〈E(r, t)〉 =
∫
d3k
(2pi)3
eik⊥·b−ikz(vt−z)
{
−
∑
λ
λ
k
(−ikzv)qvλk(zˆ · ∗λk)λk(1 + α2c0)
k2 − (kzv)2 − iσkzv + α2Q(ω) −
ik
k2εkzv
}
(32)
In particular, employing (A8) and (A19) the non-vanishing components are
〈Ez(r, t)〉 = q
∫
d3k
(2pi)3
eik⊥·b−ikz(vt−z)
ikz
k2
k2
(
v2 − ε−1kzv
)− α2Q(ω)ε−1kzv + α2c0k2⊥v2
k2 − (kzv)2 − iσkzv + α2Q(ω) , (33)
〈Eb(r, t)〉 = −q
∫
d3k
(2pi)3
eik⊥·b−ikz(vt−z)
ik · bˆ
k2
(
k2 + α2Q(ω)
)
ε−1kzv + α
2c0k
2
zv
2
k2 − (kzv)2 − iσkzv + α2Q(ω) . (34)
8Thus, the direction of the average electric and magnetic fields is the same as in the anomaly-free
case.
In the heavy-ion collision kinematics discussed in Sec. III ω ≈ kz which implies α ≈ −λΣχ/kz
and α2Q(ω) ≈ −Σ2χ [ic2(kz) + c1(kz)] /2. This allows taking the transverse momentum integrals in
(31),(33) and (34)
〈Bφ(r, t)〉 = qv
(2pi)2
∫ +∞
−∞
dkz(1 + α
2c0)sK1(bs)e
−ikz(vt−z) , (35a)
〈Ez(r, t)〉 = qi
(2pi)2
∫ +∞
−∞
dkzkz
(
v2 − 1
εvkz
− α
2
4k2zεvkz
Q(vkz)
)
K0(bs)e
−ikz(vt−z) , (35b)
〈Eb(r, t)〉 = q
(2pi)2
∫ ∞
−∞
dkz
(
1 +
α2
4k2z
Q(vkz)
)
1
εvkz
sK1(bs)e
−ikz(vt−z) , (35c)
where
s2 =
k2z
γ2
− ikzvσ + α2Q(vkz) . (35d)
Note that all three terms are kept in (35d), i.e. no assumption is made about the relationship
between kz and σγ (i.e. condition (iii) is not imposed as no further analytical integration can
be done anyway). As a result, (35a) reduces to (15) when σ = Σχ = 0. Similarly (35b),(35c) also
reduce to their corresponding classical free space expressions in this limit.
To estimate the numerical effect of the topological fluctuations on the electromagnetic field,
consider the Ornstein-Uhlenbeck random process with the auto-correlation function K(τ) =
exp(−τ/τc). The corresponding coefficients (26a)–(26c) read
c0(ω) =
4(τcω)
3
1 + 4(τcω)2
, c1(ω) =
2(ωτc)
2
1 + 4(ωτc)2
, c2(ω) =
4(τcω)
3
1 + 4(τcω)2
. (36)
Magnetic field (21) and (35a) is plotted in Fig. 1 for different values of Σχ and τc = 2 fm. It
must be stressed that neither of these quantities is presently constrained by experiment. Their
values in Fig. 1 are chosen for the presentation clarity. The field discontinuity at t = τc is mere
reflection of the fact that neither solution can be trusted at t = τc. The main feature is that the
magnetic field oscillates when Σχ is sufficiently large compared to σ.
VI. SUMMARY
In this paper the electromagnetic field of a fast electric charge in chiral medium is computed
in two cases: in Sec. IV when the chiral conductivity is constant and in Sec. V when it is random.
In the former case the previous result derived in [1] is reproduced, while in the later one a new
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FIG. 1: Azimuthal component of magnetic field (left panels) and its absolute value (right panels) at τc = 2 fm
(vertical dotted line). Solid lines:
〈
σ2χ(t)
〉1/2
= Σχ 6= 0 as indicated on each panel, dashed lines:
〈
σ2χ(t)
〉
= 0.
The minima of the right panels are the zeros of the field at which it reverses its direction, as shown in the
inset in the lower right panel. Other parameters: γ = 100, σ−1 = 34 fm, b = 7.4 fm, z = 0.
result given by (30),(33) and (34) is derived. In the relativistic heavy-ion collisions kinematics the
field expressions reduce to (35). Fig. 1 is the graphic representation of the magnetic field produced
in a typical heavy-ion collision by a single valence quark. One observes that the field oscillations
at early times, first observed in [1], may persist at later times at large chiral conductivity. If the
chiral conductivity is indeed that large, observation of the chiral magnetic [11, 12] and associated
effects [13] in relativistic heavy-ion collisions becomes especially challenging.
Throughout the paper the topological charge density has been assumed to be spatially homo-
geneous. In practice this might not be a good approximation. In a relativistic heavy-ion collision
more than one CP-odd domain may be produced. The impact of the spatial variation as well as
the quantum interference effects deserve a dedicated analysis.
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Appendix A: Polarization sums
Let ξˆ, ηˆ and kˆ form a right-handed basis. The polarization vectors are given by
λk =
ξˆ + iληˆ√
2
. (A1)
And let kz k⊥ and ψ be cylindrical coordinates of vector k in the xˆ, yˆ, zˆ basis i.e.
k = kzzˆ + k⊥ cosψxˆ+ k⊥ sinψyˆ , (A2)
ηˆ =
1
k
(−k⊥zˆ + kz cosψxˆ+ kz sinψyˆ) , (A3)
ξˆ = sinψzˆ − cosψyˆ . (A4)
Then
λk · zˆ = − iλk⊥√
2k
, (A5)
λk · xˆ = 1√
2
(sinψ + iλkz cosψ) , (A6)
λk · yˆ = 1√
2
(− cosψ + iλkz sinψ) . (A7)
It can be easily shown that
∑
λ
|λk · zˆ|2 = k
2
⊥
k2
, (A8)
∑
λ
λk · xˆ ∗λk · zˆ = −
kzk⊥
k2
cosψ , (A9)
∑
λ
λk · yˆ ∗λk · zˆ = −
kzk⊥
k2
sinψ , (A10)
∑
λ
|λk · zˆ|2λ = 0 , (A11)
∑
λ
λk · xˆ ∗λk · zˆλ =
ik⊥
k
sinψ , (A12)
∑
λ
λk · yˆ ∗λk · zˆλ = −
ik⊥
k
cosψ . (A13)
These formulas are particular cases of the more general expressions for the polarization sums:
∑
λ
(iλk)
∗jλk = δ
ij − k
ikj
k2
, (A14)
∑
λ
λ(iλk)
∗jλk =
iεij`k`
k
. (A15)
11
Define the unit vectors of the cylindrical coordinates with respect to zˆ-axis as
φˆ = − sinφxˆ+ cosφyˆ , (A16)
bˆ = cosφxˆ+ sinφyˆ , (A17)
where φ is the angle between the radial vector b in the xy-plane and the x-axis. Then
∑
λ
λk · φˆ ∗λk · zˆ = −
kzk⊥
k2
sin(ψ − φ) , (A18)
∑
λ
λk · bˆ ∗λk · zˆ = −
kzk⊥
k2
cos(ψ − φ) , (A19)
∑
λ
λλk · φˆ ∗λk · zˆ = −
ik⊥
k
cos(ψ − φ) , (A20)
∑
λ
λλk · bˆ ∗λk · zˆ =
ik⊥
k
sin(ψ − φ) . (A21)
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